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I. INTRODUCTION 



Quasielastic (e, e'p) reactions have provided over the years an enormous wealth of infor- 
mation on nuclear structure, particularly, on single particle degrees of freedom: energies, 
momentum distributions and spectroscopic factors of nucleons inside nuclei [1~3]. In recent 
years important efforts have been devoted to provide more realistic theoretical descriptions 
of these processes [4-16]. However, there are still uncertainties associated to the various 
ingredients that enter in the reaction dynamics: final state interactions (FSI), off-shell ef- 
fects, nuclear correlations, relativistic degrees of freedom or meson exchange currents (MEC). 
These ingredients affect the evaluation of electron scattering obscrvablcs and hence lead to 
ambiguities in the information on the nuclear and nucleon structure that can be extracted 
from experiments. In recent years, electron beam polarization as well as polarization degrees 
of freedom for the outgoing nucleon can be measured, what makes it possible to extract a new 
wealth of observables from quasielastic (e, e'p) reactions. For instance ratios of transferred 
polarizations are used to measure ratios of nucleon form factors. 

One of the basic results which has made (e, e'p) reactions so appealing for investigations 
of single particle properties is the factorized approach [1,17,18]. Within this approximation, 
the (e, e'p) differential cross section factorizes into a single-nucleon cross section, describing 
electron proton scattering, and a spectral function which gives the probability to find a 
proton in the target nucleus with selected values of energy and momentum compatible with 
the kinematics of the process. The simplicity of the factorized result makes it possible to get 
a clear image of the physics contained in the problem. Even being known that factorization 
does not hold in general, it is often assumed that the breakdown of factorization is not 
too severe, and then it is still commonplace to use factorized calculations for few body 
systems or for inclusive scattering. The importance of factorization lies on the fact that 
the interpretation of experimental data is still usually based on this property by defining an 
effective spectral function that is extracted from experiment in the form of a reduced cross 
section. Assuming that factorization holds at least approximately, reduced cross section 
would yield information on momentum distributions of the nucleons inside the nucleus. On 
the other hand, these momentum distributions would cancel when taking ratios of cross 
sections and consequently these ratios might give information on the electromagnetic form 
factors of the nucleons [19,20]. 

In spite of the importance of the factorization assumption, there have been however 
almost no formal (and very few quantitative) studies of its validity. So far, it has been 
shown by different authors [3,18,21] that in the nonrelativistic case and when using plane 
waves to describe the ejected nucleon (PWIA), factorization holds exactly for the unpolarized 
cross section. When interactions in the final state are included (DWIA), then certain further 
assumptions are needed to recover the factorized result [3]. The meaning and importance of 
the additional assumptions required to attain a factorized result has not been quantitatively 
studied thoroughly. 

In the relativistic case, factorization of the unpolarized cross section is broken even with- 
out FSI, due to the negative energy components of the bound nucleon wave function [18,21]. 
A quantitative estimate of the breakdown of factorization is lacking for the relativistic case 
when taking into account FSI. 
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Furthermore, there has not been any study of the vahdity of the factorization picture 
for polarization observables, even though this factorized picture is imphcitly assumed when 
using ratios of transferred polarizations to determine nucleon form factors [19,20]. 

Within a nonrelativistic framework, the breakdown of factorization has been usually in- 
terpreted as due to the spin-orbit dependent optical potentials. Wc note however, that other 
effects such as the Coulomb distortion of the electron waves, and contributions beyond the 
impulse approximation (lA) such as MEC, play also a role in breaking factorization. In 
the particular case of the plane wave limit (i.e., neglecting FSI between the ejected proton 
and the residual nucleus) factorization is strictly satisfied in lA at the level of the transition 
amplitude [3,18]. This contrasts strongly with the rclativistic formalism, where the enhance- 
ment of the lower components of the bound nucleon wave function destroys factorization of 
the transition amplitude even in the case of no FSI. Hence, an important difference between 
relativistic and nonrelativistic approaches already emerges in the plane wave limit. Whereas 
factorization holds in nonrelativistic PWIA, it does not in the relativistic plane wave impulse 
approximation (RPWIA), which includes negative-energy components in the bound nucleon 
wave function [18,21]. 

As mentioned above, the mechanism that breaks factorization has been only established 
for the unpolarized cross section in the nonrelativistic approach. Here we explore such 
mechanisms for both polarized and unpolarized observables starting from the more com- 
plex relativistic distorted wave impulse approximation (RDWIA) and making simplifying 
assumptions that lead to factorization. We make also the connection with the nonrelativis- 
tic framework and present conclusions that are valid in both relativistic and nonrelativistic 
cases. It is important to point out that most of the (e, e'p) experiments performed recently 
involved energies and momenta high enough to make compulsory the use of relativistic nu- 
cleon dynamics. Within this context, the RDWIA, which incorporates kinematical and 
dynamical rclativistic effects, has proved its capability to explain polarized and unpolarized 
(e, e'p) experimental data [6,9-11]. Starting from the RDWIA, the effective momentum ap- 
proximation (EMA-noSV), originally introduced by Kelly [22], is reformulated here paying 
special attention to aspects concerned with the property of factorization. In addition, an 
analysis is made of the various assumptions that lead to factorized polarized and unpolar- 
ized observables and which are mainly linked to the spin-orbit dependence of the problem. 
Finally, a quantitative estimate of the validity (or breakdown) of factorization is made for 
different observables that are commonly extracted from (e, e'p) experiments. 

The paper is organized as follows: in Sec. II we outline the basic RDWIA formahsm and 
revisit the EMA-noSV approach, emphasizing its connection with the factorized approxima- 
tion. In Sec. Ill we present our analysis for polarized and unpolarized observables, deriving 
the specific conditions which lead to factorization. In Sec. IV we concentrate on reduced 
cross sections and connect them to the momentum distributions. Results for polarized and 
unpolarized observables are presented in Sec. V. Numerical calculations performed within 
different approaches are compared. Finally, in Sec. VI we draw our conclusions. 
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II. RELATIVISTIC DISTORTED WAVE IMPULSE APPROXIMATION (RDWIA) 



The RDWIA has been described in detail in previous works (see for instance [6,11]). In 
this section we hmit our attention to those aspects needed for later discussion of the results 
presented. In RDWIA the one body nucleon current 

J^(a;, q) = I dpi^^'/ip + q)>Vnl{p) , (1) 

where uj and q are the energy and momentum of the exchanged virtual photon, is calculated 
with relativistic V'k^ and ipy wave functions for initial bound and final outgoing nucleons, 
respectively, and with relativistic nucleon current operator J^. 

The bound state wave function is a four-spinor with well defined angular momentum 
quantum numbers A*6 corresponding to the shell under consideration. In momentum 
space it is given by 

= / <ire-P-«:(.) = (-.)'. (, J:(';)W) Km . (2) 

which is the eigenstate of total angular momentum = Ik^I — 1/2, and are the spinor 

harmonics 

Kim = E {^b^i\h\hi^^)yt:{p)x\ , (3) 

with £fj — Kb a Kb > and ib — —Kb — 1 if < 0. 

The wave function for the outgoing proton is a solution of the Dirac equation containing 
scalar (S) and vector (V) optical potentials [6,7]. For a nucleon scattered with asymptotic 
momentum pp and spin projection sp, its expression is 



r/{p) = E e-^'k\^m\sp\J^.)Yr{pp)rM ■ (4) 

As the optical potential may be in general complex the phase shifts and radial functions are 
also complex, and the wave function is given by 

«(p)^(-)'(,^|*'^)tKp). (5) 

Assuming plane waves for the electron (treated in the extreme relativistic limit), the 
differential cross section for outgoing nucleon polarized A{e,e'p)B reactions can be written 
in the laboratory system in the general form 

^''''-aMfrecOO,.W^\ (6) 



where 0"^ is the Mott cross section, {sf.Vtf} are the energy and solid angle corresponding 
to the scattered electron and Vtp = {(^f,4>f) the solid angle for the outgoing proton. The 



3 



factor free is the usual recoil factor = |1 — {Ep / Eb){Pb ' Pf)Ip'f\i being and Eb 
the momentum and energy of the residual nucleus, respectively. Finally, u^i, is the familiar 
leptonic tensor that can be decomposed into its symmetric (helicity independent) and anti- 
symmetric (hehcity dependent) parts and W^" is the hadronic tensor which contains all of 
the hadronic dynamics of the process. The latter is defined from bilinear combinations of 
the one body nucleon current matrix elements given in Eq. (1), as 



+ 1 



(7) 



The cross section can be also written in terms of hadronic responses by making use of the 
general properties of the leptonic tensor. For (e, e'p) reactions with the incoming electron 
polarized and the final nucleon polarization also measured, a total set of eighteen response 
functions contribute to the cross section. Its general expression is written in the form 



defdQ,fdQ,F (27r 
+ vtl 



[R^"- + Rl'-Sn) COS (t)F + {R^Si + Rl'-Ss) sin (t)F 

+ VTT [{R^^ + Rl^Sn) COS 2(t)F+ {rF Si + R^Ss) sm 2(t)F 

+ h [VTV [{RJ'-'Si + COS CI)F + (i?'^^' + Rl'-'Sn) siu 

+ ^^,[i?r^,+<5j}}, (8) 

where are the usual electron kinematical factors [5,11] and h ~ ±1 is the incident electron 
helicity. The polarized and unpolarized nuclear response functions are constructed directly 
by taking the appropriate components of the hadronic tensor W^^ (see Ref. [5] for their 
exphcit expressions). The cross section dependence on the recoil nucleon polarization is 
specified by the components Sk {k — l,n,s) of the ejected proton rest frame spin {sf)r 
along the directions: I = Pp/PF, n = {q x Pf)/\q x Pf\ s = n x I. 

To finish this section and in order to ease the analysis of the results, the cross section can 
be also expressed in terms of the usual polarization asymmetries, which are given as ratios 
between different classes of response functions. 



da (Jo 



defdflfdflF 2 



1 + Pjr. + PlSl + PsSs + h{A + P^Sn + PlSi + P'X)] , (9) 



with (To the unpolarized cross section, A the electron analyzing power, and Pk (P^) the 
induced (transferred) polarizations. 

A. Factorization and effective momentum approximation 



In nonrelativistic PWIA, the (e, e'p) unpolarized cross section factorizes in the form 

EpPFfrec C^ep A^iVii(Pm) > (10) 



, \ PWIA 

da \ 



^dsfdilfdili 
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where a^p is the bare electron-proton cross section usually taken as a^ci (or 0"cc2) of de 
Forest [23], and Njqji{p^) is the non relativistic momentum distribution that represents the 
probability of finding a proton in the target nucleus with missing momentum p^, compatible 
with the kinematics of the reaction. It is well known that the factorized result in Eq. (10) 
comes from an oversimplified description of the reaction mechanism. FSI, as well as Coulomb 
distortion of the electron wave functions, destroys in general factorization. In fact, most 
current descriptions of exclusive (e, e'p) reactions involve unfactorized calculations. However, 
the simplicity of the factorized result makes it very useful to analyze and interpret electron 
scattering observables in terms of single particle properties of bound nucleons. Therefore it 
is common to quote experimental reduced cross section or effective momentum distribution 
on the basis of the experimental unpolarized cross section as 

/ da 

p'^^^{p ) = \dsfdQ.fdQ.F ) ^-j^-j^^ 
EpVpfrec ep 

A similar expression can be used for the theoretical reduced cross section, 

, \th 
da 



pth^p ^ _ KdSfdUfdnF/ ^-|^2) 
EpPpfrec (^ep 

constructed from the the theoretical unpolarized (e, e'p) cross section, independently of 
whether it is calculated within a relativistic or nonrelativistic formalism. We will say that 
the factorization property is satisfied by p*^(p^) when the theoretical unpolarized cross sec- 
tion factors out exactly a^p, and then, the theoretical reduced cross section does not depend 
on it. 

As we will demonstrate later in this paper, factorization is not a property exclusive 
of the nonrelativistic PWIA approach. It is well known that, due to the negative energy 
components of the bound proton wave function, factorization is not satisfied even in RP- 
WIA [18]. However, if we neglect the contribution from the negative energy components, 
the unpolarized cross section factorizes to a similar expression as in Eq. (10). 

Starting from a fully relativistic calculation of the nuclear current, in what follows we 
explore the most general conditions under which factorization is recovered. First, it is im- 
portant to note that in order to extract the elementary cross section "(Jep" from the general 
relativistic theory (RDWIA), the upper and lower components of the relativistic wave func- 
tions that enter in Eq. (1) must be forced to satisfy the "free" relationship with momenta 
determined by asymptotic kinematics at the nucleon vertex, that is 

^I'doUP) = ^-^^upip) , (13) 



with Eas = yPas + Pas asymptotic momentum corresponding to each nucleon. 

In what follows we discuss this condition (13) in the nonrelativistic language. 

The nonrelativistic formalism is based on bispinors x{p) solutions of Schrodinger-like 
equations. Generally, the nonrelativistic formalism can be analyzed using the following 
semirelativistic (SR) four-spinor 
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to be introduced in Eq. (1) in order to calculate a relativistic-like nucleon current amplitude. 

In this way the relativistic kinematics is fully taken into account and no expansions in p/M 
are needed. The one body nucleon current matrix element takes then the following form: 

J^(u;, q)= j dpx7\p + Q)J'eff{P. Q)xTAp) , (15) 

with J^jf{p,q) now an effective (2x2) current operator that occurs between bispinor wave 
functions x^f iXj^) for the outgoing (bound) nucleon respectively. 

The calculation of the nuclear amplitude using four-spinors like the one written in 
Eq. (14), implies removal of the enhancement of the lower components that is present in 
the four-spinors of Eqs. (2) and (4). This is a well known fact present in nonrelativistic 
calculations, but this alone is not enough to get factorization. It is also required the use of 
exactly the same nuclear current operator as in a free electron-proton scattering. In Eq. (15) 
then, the non-truncated effective current operator must be evaluated at the asymptotic mo- 
mentum values, leading to 

j^iu, q)^l dpx7\p + Q)J'eif{PF - q, q)xTM ■ W 

One can show that this condition is implicit in one of the necessary assumptions introduced 
in Ref. [3] to recover factorization in the nonrelativistic case. 

In a relativistic calculation, the assumptions written in Eq. (13) set up the so-called Effec- 
tive Momentum Approximation with no Scalar and Vector terms (EMA-noSV)*, originally 
introduced by Kelly [22], to which we will refer in what follows as EMA. The EMA approxi- 
mation in the relativistic framework, or the nonrelativistic calculation based on Eq. (16), are 
essentially the same conditions which are necessary to recover factorization, in either formal- 
ism. These conditions are necessary but not sufficient and in what follows, we concentrate 
on the EMA case to study additional assumptions needed to obtain factorization. 

In EMA, the bound nucleon wave function in momentum space is given by 

with Ei = ^Jpj + and pj — Pp — q. Likewise the outgoing relativistic distorted wave 
function in Eq. (5) becomes 

\Ep+MyK\pjj 



*The factorization property could be also analyzed within the framework of the asymptotic pro- 
jection approach (see Refs. [9,11,16] for details) 
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(14) 



Introducing these expressions into the equation of the one body nucleon current matrix 
element (Eq. (1)), we get 



J'ema = E [«(Pf, ^)>«(P/, h)] E {^rnlsF\j^)Yr{PF) 

sh Kixm ^ 

X J2 {^bmi,^h\jbf^b){£mi^s\jfj,)Ul'Z,^{pF,q) 

= E JLeiPFS, Pih)A^si{PF, q) , (19) 

sh 

where we have written both nucleon wave functions in terms of free positive energy Dirac 
spinors and we have introduced the bare nucleon current matrix element 

JLeiPpS: Plh) = u{Pf, s)Pu{pi, h) , (20) 

with the term U^^^^{pp, q) given by 

U:X^ = I ^ i-if' I dpg^,{p)g:{\p + q\)Y,^'^{p)Yr{pTq)e^ , (21) 

J2Ef{Ej + M) 

and the amplitude 

ATu{PF:q)=j:{^^^i^F\j^^)Yr{PF) E {hme,lhM{imels\j^i)U:XSPF^q)- (22) 

The result in Eq. (19) defines the nucleon current in EMA, and is our starting point for 
the analysis of the conditions that may lead to factorized observables. Notice that J^ma 
involves a sum over initial and final spin projections (s, h) of the bare nucleon current, times 
an amplitude that depends on the bound and ejected nucleon wave functions. Factorization 
in Jem A occurs if A'^f^^pp, q) does not depend on the spin variables s and h. 

Before entering into a detailed discussion of the observables, it is important to stress again 
that factorization may only be achieved assuming EMA and/or asymptotic projection, i.e., 
neglecting dynamical enhancement of the lower components in the nucleon wave functions. 
This is a priori assumed within some nonrelativistic calculations. 



III. ANALYSIS OF OBSERVABLES WITHIN EMA 

In this section we investigate the conditions that lead to factorization of polarized and 
unpolarized observables. Response functions, transverse-longitudinal asymmetry, electron 
analyzing power, as well as induced and transferred polarizations are examined. The analysis 
is made directly at the level of the hadronic tensor which, within the EMA approach, can 
be written in the following way: 
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EMA — r, ■ I 1 Z^WeMA) '^EMA 



M6 

E E KareiPFS: Pjh)]* JbareiPpS': Pjh') 
ss' hh' 
1 

X 

M6 



r E 9)]* 9) • (23) 



Note that in Eq. (23) s, s' are the spin variables corresponding to the outgoing nucleon, while 
h, h' correspond to the bound nucleon. 

In order to simplify the analysis that follows, the general expression of the hadronic 
tensor can be written in a more compact form as 

wj^-^MA = E E wr;,w^:;,w(PF, q) , (24) 

ss' hh' 

where we have introduced a general bare- nucleon tensor W^^, f^f^,, 

Wr;,..' = (JLeT JLe = [^Pf, s)J''u{pj, h)Y [u{p^, s')ru{p:, h!)] , (25) 
and a general spin dependent momentum distribution function Xg^/^f^f^,, 

X:!,nh'iPF, Q) = E i^ThiPF, qW A%,ip^, q) 

= ^7^ EE E (^^^«Fb»(fm'i.^bV)yr(PF)>^/*(PF) 

+ /[i6 Ktxm n'n'm' ^ ^ 

111 1 

•mi^msi rn'i^m'i^ Z Z Z Z 

^V:XSPF.q)Kt[{PF.q)- (26) 

Making use of general symmetry properties (see Appendix A), the barc-nuclcon tensor 
in Eq. (25) can be decomposed into terms which are symmetric and antisymmetric under 
interchange of // and v. Each of these terms shows a different dependence on the spin 
variables: ss' and/or hh! . Explicitly, the bare nucleon tensor can be written in the form 

y^Z,hh' = 5,s' hh' + AZ' Sss' + AZ 5nh' + 5,^;, uh' , (27) 

where S (A) refers to symmetric (antisymmetric) tensors. Notice that the first (symmetric) 
term in Eq. (27) docs not depend on the initial bound neither on the final outgoing nucleon 
spin variables; the antisymmetric second (third) term depends solely on the initial (final) 
spin projections; finally, the fourth (symmetric) term presents dependence on both initial 
and final nucleon spin projections simultaneously. This bare-nucleon tensor would lead to 
the (7ep cross section in Eq. (10). 

The general result for the bare nucleon tensor given in Eq. (27) constitutes the starting 
point for the analysis of factorization for polarized as well as unpolarized observables. In 
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what follows we explore the specific conditions, linked to the spin dependence in the problem, 
that lead to factorized results. We investigate separately the role played by the dependence 
on the initial and/or final nucleon spin variables. As we show in next subsections, the 
factorization property at the level of spin-averaged squared matrix elements is intimately 
connected with the spin dependence: a bound nucleon in a s-wave or, in general, no spin-orbit 
coupling effects on the radial nucleon wave functions, may lead for some specific observables 
to exactly factorized results. As it is clear from the analogy between Eq. (16) and Eq. (1) 
with the input from Eq. (13), the analysis of spin dependence here and in what follows is 
also valid for the nonrelativistic case. 



A. No spin-orbit in the initial state 

The general expression of X^^, (26) is greatly simplified for no spin-orbit in the initial 
state or, more generally in LS coupling. For instance in the case of nucleon knockout from s- 
shells the orbital angular momentum ^6 = and the spin dependent momentum distribution 
is simply given by 



with 



X'ss'hh' (Pf, 9) = N^s' (Pf, q) hh' , (28) 



N:!'iPF,Q) = :r^i: E (^^^5FM(fm'^s^bV)rr(p^)F7'*(PF) 

X E {^rn,\s\3|l){em',\s'\f^^')UlTr{PF. O) U^ir^PF. Q) ■ (29) 



mtm'. 



In the case of no spin-orbit coupling with 4 7^ waves, a similar reduction to Eq. (28) 
follows after summation of the spin dependent momentum distribution X on j;, = ih 1/2. 
Making use of Eqs. (27) and (28), the hadronic tensor in EMA becomes 



E^r;, 



hh 



= E i^"' ^ss' + AZ] = s^^ E + E K!'AZ . (30) 

ss' s ss' 

Prom this result it clearly emerges that those responses coming from the symmetric tensor 
S^'^ factorize, while the ones coming from the antisymmetric part do not. Let us signal out 
more precisely what factorization really means in this situation. 

First, note that the momentum distribution function J2s that multiplies the sym- 
metric tensor depends on the outgoing nucleon spin sp. In the case when recoil nucleon 
polarization is not measured, an extra sum in s^r has to be carried out and hence the mo- 
mentum distribution, which is independent of s^, gives rise to the unpolarized responses 
R^, R^, R^^ and R^^ in Eq. (8). On the other hand, if the spin of the outgoing proton is 
measured via a polarimeter placed along a fixed direction (Z, n or s), the momentum dis- 
tribution, now dependent on the final spin, contributes to the induced polarized responses: 
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i?^, R^, -R^f s and R^Js- Hence, in the case of no spin-orbit coupling in the initial bound 
state, both types of responses (unpolarized and induced polarized) factorize, but each kind 
of response factorizes with a different momentum distribution function. Then, the induced 
polarization asymmetries Pk {k — l,n, s), which are basically given by the ratio between the 
induced polarized responses R^ and the unpolarized ones it!°, will differ from the bare result. 
On the contrary, the momentum distribution functions cancel when taking a ratio between 
two responses of the same kind, i.e., a ratio between two induced polarized responses along a 
specific direction, or a ratio between two unpolarized responses. Therefore such ratios would 
coincide with the bare results. This property can be expressed in the general form 

Bl^R^^-R^ 

Rl RP 7^^' ^ ' 

where a,P — L, T, TL or TT and k — l,n,s fixes the recoil nucleon polarization direction. 
The functions IZ"'^ represent the bare-nucleon responses, also usually named single-nucleon 
responses [21]. The result in Eq. (31) explains also why the Atl asymmetry, which is 
obtained from the difference of electron unpolarized cross sections measured at 0^ = 0° and 
0^ = 180° divided by the sum, is identical to the bare asymmetry in this case. In terms of 
response functions we may write 

A.r = '^'^^^ = ^^^^^^ ^ A'are 

vlRL + vtR^ + vttR'^^ vlTZ^ + vtU^ + vrrn^^ '^'^ ' ^ ' 

To complete the discussion, we note that the electron analyzing power and transferred 
polarization asymmetries involve responses coming from the antisymmetric part of the tensor 
(30), which do not factorize, divided by unpolarized responses obtained from the symmetric 
tensor term. Therefore the behaviour of A and P'f, will differ from the bare one. The amount 
of discrepancy between the factorized and unfactorized calculations of different observables 
is discussed in Sec. V. 



B. No spin-orbit in the final state 

Let us consider now the case of no spin-orbit coupling effects on the radial wave function 
of the outgoing proton. In this case neither 5^ nor in Eqs. (4), (18) depend on j. After 
some algebra (see Appendix B for details), this condition leads to s = s' = sp in the 
bare-nucleon tensor, and therefore the momentum distribution depends only on the hh' spin 
variables of the initial nucleon. The hadronic tensor is then given by 

W^'^MA = J:^Zs,m'^MPf, q) , (33) 

hh' 

where the momentum distribution function Nhh'iPp^ O) is defined in Eq. (56) of Appendix 
B. Using the decomposition in Eq. (27), we can write the following expression 

W^^MA = [S'" + AZs,] E + E Ks.M' + -^Hh] Nhh'. (34) 

h hh' 

The analysis of how polarized or unpolarized responses behave with respect to factoriza- 
tion emerges straightforwardly from Eq. (34). Let us discuss each case separately: 
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• Unpolarized responses: R^, R^ , R^^ and i?-^-^. They do not depend on spin and come 
from the symmetric part of the tensor, i.e., they are given by S'^^ J2h-^hh, and hence 
factorize exactly. This result coincides with that one obtained in the nonrelativistic 
study of Ref. [3]. 

• Transferred polarization responses: Rf'g and Rfs'n- They come from the antisymmetric 
part of the tensor and depend on the final proton spin polarization, i.e., A'^'^g^ J2h ^hh, 
in exactly the same form as displayed in Eq. (27). Consequently, these responses also 
factorize. 

• Fifth response i?^^'. It comes from the antisymmetric part of the tensor and does not 
depend on the recoil nucleon spin, i.e., it is given by J2hh' ^hh'A'^h' clearly does 
not factorize. 

• Induced polarized responses: i?^, Rf, Rfji^g and -R^Jg- They come from the symmetric 
tensor part and depend explicitly on the spin polarization of the outgoing proton, i.e., 
they are constructed from ^hh' ^hh'Sg^gj^ fif^,, and consequently do not factorize. 

Once the behaviour of the response functions is established, the asymmetries and po- 
larization ratios can be easily analyzed. The case of Atl, which only depends on the un- 
polarized responses, reduces to A§?£^ (see Eq. (32)). A similar comment applies also to the 
transferred nucleon polarizations Pf P'g and P^. Notice that the momentum distribution 
function involved in the unpolarized and transferred polarized responses is the same and 
hence, it cancels when forming the polarization ratios. The electron analyzing power A and 
induced asymmetries Pjt, given in terms of responses which do not factorize, should differ 
from the bare calculations. 

As a particular case of no spin-orbit in the final nucleon wave function, it is worth 
to explore the plane wave limit for the outgoing nucleon. In this case (see Eq. (58) in 
Appendix B), the momentum distribution is diagonal and independent on /i, thus the 

fifth response R^^ vanishes since -^/^^ = 0. Similarly, the induced polarization responses 
do not contribute because ^spspM — 0- 



C. No spin-orbit in both initial and final states 



To finish with this analysis, let us consider the case of no spin-orbit coupling in the initial 
nor in the final state. In this situation, factorization already comes out at the level of the 
nuclear current matrix element. Note that = in Eq. (54) of Appendix B, leads to h — /ib 
and the matrix element simply reads 



(35) 



where U^i is defined in Eq. (55). This result resembles the situation occurring in the free 
case. Prom the current (35) the hadronic tensor can be written in the form 



wr 



EMA 



u\{peM E>vr; 



U\{PE.q)^{s^'' + AZs,) 



(36) 
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Then all responses (polarized and unpolarized) factorize with the same momentum distri- 
bution. Note also that the whole dependence on the nucleon polarization is contained in 
the antisymmetric tensor. This implies that the polarized induced responses must be zero. 
Furthermore, since J^sp '^spsp — unpolarized fifth response R'^^' also vanishes. 



IV. REDUCED CROSS SECTIONS AND MOMENTUM DISTRIBUTIONS 



Starting from a shell model approach, the relativistic (vector) momentum distribution is 
defined as follows: 



Using the EMA approximation means projecting out the negative energies components of the 
bound proton wave function, obtaining then the relativistic EMA momentum distribution: 

N^^'^ipi) - ^^Er.f'''''iPi)r.f''''iPi) = I ^^9lM) ' (38) 

this expression reduces to the nonrelativistic momentum distribution in the proper limit 
because of its lack of contribution from negative energies. 

In general, in a nonrelativistic formalism, the momentum distribution is defined from 
bispinors X^l{f)^ solutions of Schrodinger-like equation: 



NNRipi) - ^-Tl 5 (P^)^'^(P^) ' (39) 

with XjiiPi) the Fourier transform of Xj^i^): 

xTM)-J^.ldre-^Prr^^^ir). (40) 

Now, in nonrelativistic PWIA, the wave function for the ejected proton in the r-space is 

X^-^^(r) = e'P--^Xr, (41) 

2 

and looking at the the Fourier transform in Eq. (40), it is natural to define a nonrelativistic 
distorted wave amphtude as follows: 

XDw{p^,q) ^ I drx7\r)e'^-^xT,{r). (42) 

Two observations are worth mentioning: 

1- Xdw{Pfi Q) is amplitude, not a bispinor. 
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2. If the final proton wave function is a plane wave, the following relationship is satisfied: 

E IXPwip^, q)\' = xf{Pi)x^:{Pi) . (43) 



So, we can define a nonrelativistic distorted momentum distribution 

P^UpF,q) = ^:^j:E\XDw{PF:q)\" , (44) 



M6 Sf 



that takes into account FSI, and has the property that we recover the nonrelativistic mo- 
mentum distribution in Eq. (39) in the plane wave limit. 

Let us generalize the above expression to the rclativistic case. We request that we recover 
from it the relativistic EMA momentum distribution of Eq. (38) when there is not FSI and 
the initial wave function is evaluated within EMA. For that purpose we define a relativistic 
distorted wave amplitude, 

^dw{Pf,q) = / drr/Hr)e'1-^r4ir) = J dp^/Hp + Q)i^litiP) (45) 



with K — ^ {2EiEf) / {EjEp +Pi ■ Pf + M"^), so that the relativistic distorted momentum 
distribution is given by this amplitude squared after sum and average over initial and final 
spins, 

PDwiPF,Q) ^ Y112\^DwiPF,Q)\'^ ■ (46) 

It is easy to check that Pdw{Pfi q) coincides with the relativistic EMA momentum distri- 
bution Eq. (38), when one takes EMA approximation for the initial wave function and the 
plane wave limit for the final one, 

pir(PF,g)=iV^^^(p/)- (47) 

It is also important to remark that Pdw{PfiQ) coincides with the corresponding reduced 
cross section of Eq. (12) whenever there is factorization. 



V. NUMERICAL RESULTS 

To show quantitatively the effects introduced by the different approaches to the general 
description of (e, e'p) reactions, we compare our fully RDWIA calculations with the EMA 
results, exploring also the effects introduced by the spin variables in the initial and final 
nucleon states. The results presented in this section illustrate and reinforce the conclusions 
reached in the preceding sections concerning the factorization properties. 

Guided by the factorization properties one may focus on two different aspects in the 
analysis of observables. 
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1. On the one hand, one may factor out the elementary electron-proton electromagnetic 
cross section, in order to isolate and investigate nuclear properties like momentum 
distributions. 

To the extent that factorization holds the reduced cross section will follow the momen- 
tum distribution. In the first part of this section we compare factorized and unfac- 
torized results for the reduced cross section to the momentum distribution. Wc show 
how the different ingredients that break factorization may obscure the extraction of 
momentum distributions. 

First of all, we note that since FSI modify the response of the ejected nucleon, it is more 
adequate to compare reduced cross sections with distorted momentum distributions (as 
defined in the previous section). This is done in Fig. 1 that we discuss below. 

2. On the other hand, one may take ratios between observables to cancel out the de- 
pendence on the momentum distribution, in order to isolate and investigate intrinsic 
nucleon properties in the nuclear medium, like nucleon form factors. 

In Fig. 1 we present reduced cross sections at quasielastic kinematics for three cases: 
complete RDWIA approach (solid line), EMA (dashed line) and EMA with no spin depen- 
dence in the final state, referred to as EMA-noLS (dotted line). We also show by a thin solid 
line the distorted momentum distributions {pow, Eq. (46)) which are equivalent to what one 
would obtain from a factorized approach to RDWIA. Note that up to \pm\ of around 250 
MeV/c, the factorized approach p^w follows reasonably well the full calculation. Actually 
in this Pm range, EMA and EMA-noLS are also reasonable approximations to the complete 
calculation. However, at \pm\ > 250 MeV/c the full approach produces more reduced cross 
section for < than for p^ > 0, leading to a much larger asymmetry in this region as we 
would see in Fig. 2. We also note that differences between complete RDWIA reduced cross 
section and pow (hence deviations from factorization) are more noticeable at \pm\ > 250 
MeV/c in the p„i < region. Nonrelativistic calculations would generally yield results on 
the line of the EMA ones presented here. Note also that, the reduced cross section in EMA 
practically coincides with p^w for the Si/2 orbital in '^^Ca, and even in the ^^O pi/2 and P3/2 
orbitals the reduced cross sections in EMA and pow are rather close in the whole Pm range. 

In Figs. 2 to 4 we show the TL asymmetry, electron analyzing power, induced polar- 
ization and transferred polarizations, respectively, for proton knockout from the pi/2 (left 
panels), P3/2 (middle) in ^^O and Si/2 (right) shells in ^^Ca. Results are computed for CC2 
current operator and Coulomb gauge. The bound nucleon wave function corresponds to 
the set NLSH [24-27] and the outgoing nucleon wave function has been derived using the 
EDAIO relativistic optical potential parameterization [28]. As in the previous figure, the 
selected kinematics corresponds to the experimental conditions of the experiments E89003 
and E89033 performed at Jlab [29-31]. This is {q,uj) constant kinematics with q = 1 GcV/c, 
uj = 440 MeV and the electron beam energy fixed to = 2.445 GeV. Coplanar kinemat- 
ics, with 4>F = 0°, are chosen for computing the polarization asymmetries. Therefore, as 
Pi — Ps — — when (f)F — 0°, they are not plotted. In each graph, we show five curves 
corresponding to the following approaches: RDWIA (solid), RDWIA but without spin-orbit 
coupling in the final nucleon state, denoted as RDWIA- noLS (dashed), EMA (short-dashed), 
EMA-noLS (dotted), and finally the factorized result (dash-dotted). 
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As shown in Sec. Ill, factorization only holds within the EMA approach and assuming 
specific conditions on the spin dependence in the problem. In Table 1 we summarize the 
basic assumptions within EMA that lead to factorization for the different observables. To 
simplify the discussion of the results that follows we consider each observable separately. 

The asymmetry Atl, presented in Fig. 2, shows that factorization emerges within EMA 
in the case of the Si/2 shell (where EMA, EMA-noLS and factorized results coincide). For 
spin-orbit dependent bound states {pi/2 and P3/2), factorization emerges only when there is 
no spin-orbit coupling in the final state (EMA-noLS coincides with factorized results) . Also 
note that the oscillatory behaviour shown by Atl in RDWIA and in RDWIA-noLS is almost 
entirely lost within EMA, even when there is no factorization. This reflects the crucial role 
played by the dynamical enhancement of the lower components of the nucleon wave functions 
for this observable. The spin dependence in the final nucleon state modifies significantly the 
values of Atl even at low missing momentum, but preserves its general oscillatory structure, 
compare for instance RDWIA vs RDWIA-noLS or EMA vs EMA-noLS. 

The electron analyzing power A is presented in Fig. 3. This observable is zero in coplanar 
kinematics so the azimuthal angle is fixed to (f)p = 225° in Fig. 3, but the remarks that follow 
also apply to other (pp 7^ 0°, 180° values. As we demonstrated in Sec. Ill, the fifth response 
R^^ involved in A only factorizes if there is no spin-orbit contribution in the initial and 
final nucleon wave functions. Moreover, in such situation H^^' — and hence ^4 = 0, 
as occurs for si/2 shell within EMA-noLS in Fig. 3. Prom a careful inspection of Fig. 3 
we also observe that the main differences between the various approaches come from the 
spin-orbit term in the final state. Note that the discrepancy between RDWIA and EMA (or 
likewise between RDWIA-noLS and EMA-noLS) is significantly smaller than the discrepancy 
between RDWIA and RDWIA-noLS (or EMA vs EMA-noLS). In all of the cases with Ay^O, 
oscillations survive. The behaviour of A contrasts with the one observed for the asymmetry 
Atl- This is due to the fact that factorization is broken down already at the EMA level 
even in the Si/2 shell. 

The induced polarization P„ is presented in Fig. 4. Here the discussion of results follows 
similar trends to the previous one on A. Factorization requires no spin dependence in 
any of the nucleon wave functions, being the induced polarized responses equal to zero 
in such a case (notice that P„ is zero in the plane wave limit). In any other situation 
factorization breaks down and P„ shows strong oscillations in all cases. Again, it is important 
to point out that the behaviour of the RDWIA calculation is qualitatively followed by the 
EMA approach, differing much more from the RDWIA-noLS or EMA-noLS. This reveals the 
important effects introduced by the spin-orbit coupling in the optical potential for polarized 
observables, contrary to what happens for the unpolarized Atl- 

The comment above applies also to the transferred polarizations P/ and Pg (Fig. 5) for 
which RDWIA and EMA approaches give rise to rather similar oscillating (unfactorized) 
results. On the contrary, RDWIA-noLS, which is also unfactorized, deviates significantly 
from RDWIA due to the crucial role of the spin-orbit dependence in the final state. Finally, 
EMA-noLS coincides with the bare asymmetries showing a fiat behaviour without oscilla- 
tions. This is in accord with the findings in Sec. Ill B, where we demonstrated that the 
unpolarized and transferred polarized Rf^ responses factorize with the same momentum 
distribution function (see Table 1 and Eq. (34)). 
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VI. SUMMARY AND CONCLUSIONS 



A systematic study of the property of factorization in quasielastic (e, e'p) reactions has 
been presented. Starting from a RDWIA analysis, we have reformulated the EMA approach 
and studied the conditions which are needed to get factorization. In this context, we have 
explored the role of the spin-orbit coupling in the initial and/or final nucleon states and its 
influence on the breakdown of factorization. 

Prom our general study we conclude that exact factorization only emerges within the 
EMA approach, i.e., neglecting the dynamical enhancement of the lower components in 
the nucleon wave functions by using Eq. (13). Furthermore, additional restrictions on the 
spin dependence in the problem are necessary to get factorization in the case of polarized 
observables. 

Within the EMA approach, the factorization properties of various (e, e'p ) responses and 
asymmetries are as follows (see also Table I): 

The unpolarized i?" responses factorize to a single, polarization independent, momentum 
distribution when the initial or the final nucleon wave functions are independent on spin- 
orbit coupling (i.e., depend on £ but not on j). As a consequence, the Atl asymmetry is in 
these cases given by the bare-nucleon A^l^ asymmetry. 

The fifth response R^^' (and consequently A), depending on electron beam polarization, 
never factorizes, but becomes zero when both initial and final nucleon wave functions arc 
independent on spin-orbit coupling, as well as in the nonrelativistic plane wave limit (PWIA). 

The transferred polarization responses factorize when the final nucleon wave function 
is independent on j. Consequently the transferred polarizations are in this case given by 
the bare-nucleon ones, independent on whether the initial state may or may not depend on 
spin-orbit coupling. 

The induced polarized responses i?^ do not factorize even when the final nucleon wave 
function is independent on j, unless the initial wave function is also independent on j, in 
which case become zero. If the final wave function depends on spin-orbit coupling but the 
initial wave function does not, the induced polarized responses factorize with a polarization- 
dependent momentum distribution different from the unpolarized one. Therefore, as stated 
in Eq. (31), a new factorization property emerges when there is no spin-orbit coupling in the 
initial state. 

Prom our numerical calculations a clear difference in the behaviour of polarized and 
unpolarized observables comes out. In the case of the unpolarized Atl asymmetry, its general 
structure is not substantially modified by the final spin-orbit dependence, being much more 
affected by the lower components of the nucleon states. The strong oscillations in Atl within 
RDWIA practically vanish in EMA. On the contrary, the polarized asymmetries A, P„ and 
P/g, present a very strong sensitivity to the final spin dependence, while the general structure 
of the RDWIA results is preserved by the EMA calculations. 

As a general conclusion, we can say that observables that require less extra assumptions 
(apart from EMA) to factorize, are more sensitive to any ingredient of the calculation that 
breaks factorization. Such observables are good candidates to test the elements of any 
model/calculation, as it is the case of the Atl asymmetry. 

In spite of the fact that factorization is not reached when realistic calculations are made. 
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we show that the reduced cross sections extracted from fully unfactorized calculations fol- 
low the factorized distorted momentum distribution quite well for moderate values of the 
missing momentum, where the bulk of the cross section lies. Then, reduced cross sections 
and integrated quantities directly related to them, like nuclear transparencies or inclusive 
cross sections, arc reasonably predicted by the factorized scheme, as long as one remains 
at quasielastic kinematics. We may conclude that the unpolarized cross section follows 
closely the factorized calculation that takes FSI into account. In other words, in spite of the 
breakdown of factorization of the cross section introduced by FSI and by negative energy 
components of the relativistic model, one may still extract a meaningful effective momentum 
distribution within this formalism. 

While the bulk of the cross section factorizes to a good approximation, ratios of cross 
sections like Atl or polarizations are very sensitive to the ingredients of the calculation that 
break factorization. This is why in particular the Atl observable is very sensitive to the 
negative energy components of the wave functions, and provides a plausible signature of the 
relativistic dynamics. 

Contrary to Atl, polarizations are much more sensitive to the spin-orbit properties of 
the upper components of the wave functions than to the dynamical enhancement of the lower 
components. Yet, RDWIA transferred polarizations closely match the factorized results in 
certain ranges. This suggests that measuring transferred polarizations in those ranges 
may safely explore modifications of the nucleon form factor ratios in the nuclear medium. 
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APPENDIX A 



In this appendix we present in more detail the hadronic bare-nucleon tensor (25), which 
can be written using traces in the form 



J^u{pp, s)u{pp, s')ru{pj, h')u{pj, h) 



(48) 



where we use the notation J = 7° 

Making use of the following relation [17,18] 



u{p, s)u{p, s') = 



2M 



(49) 



with a pseudovector defined as ip'^^, = u{p, s')'y^'y^u{p, s) which reduces to the four spin 
in the diagonal case, i.e., ip'^g = S'^, the bare nucleon tensor reads 
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'^^ss',hh' 



1 



+ 



+ 



+ 



16M2 
1 

16M2 
1 

16M2 
1 

16M2 



Tr 
Tr 
Tr 
Tr 



J^75 S^3a'(/'F + M)J^(f, + M)] 5w 



This result is expressed in a compact form in Eq. (27). 



(50) 



APPENDIX B 

Let us consider the case of no spin-orbit couphng in the final nucleon wave function. This 
means that the radial functions and depend only on I but not on j. Then the upper 
component of the wave function is given by 



' F Im in 



Gip, Pf)x 



Sp 



with 



lEp + M 



G{p,Pf) = 47r^/=:^^Ee-^^Vr(p^)^r(p)rr(p) • 

em 



The resulting wave function for the ejected proton is then 

iP)- 



^spEMA, 



2M 



-G{p,Pf)u{pp,sf) . 



I Ep + M 

Introducing this result into the expression of the current matrix element, we get 



Jema = H {hmtb^^Ubt^b) [u{pF,SF)J^u{pj,h)\ uZ'\PF^<i) 



being, 



uZ"'{PF,q) 



2M 



{Ei + M){Ef + M) 



(51) 



(52) 



(53) 



(54) 



-tY"! dpG*{p + q,PF)9.,{p)yr''(P)- (55) 



Wc observe that the whole dependence on the spin polarization s^? is contained in the 
Dirac spinor u{pp,sf)- From Eq. (54) we can immediately construct the hadronic tensor 
^EMAi which can be written in the form of Eq. (33) with the momentum distribution 
function given by 
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Nhh'(PF,Q) = 2 ■ + 1 ^ ^ {hrne^2^\jbiib){hrn'i^-h'\jbiib)UKt,''' Uk,''' . (56) 

As a particular example, let us consider the case of the plane wave limit without dy- 
namical relativistic effects. In this situation the function G{p,pp) (Eq. (52)) simply reduces 
to 



G^^(P,Pi.) = ^^^a^f'S'ip-PF) (57) 



and the momentum distribution results 



N^^ip,, q) = 5nu' #^(2^)^ N^^'^Pi) ■ (58) 
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TABLES 





Tin TiS init.ipil 

±±W * 't ' i.±±i. U-LCt-L 


no TiSl finnl 


no TiS Ko'hln 


Atl 


Ahare 


Abare 


Abare 


A 









p 









Pi 









Ps 









PL 




p' bare 
n 


p' bare 


P'l 




/ 




P's 




p'bare 


p' bare 



TABLE L Properties of factorization of different observables using the EMA approximation 
and turning off the spin-orbit couphng in the initial wave function (first column) , in the final wave 
function (second column) or in both simultaneously (third column). 
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FIG. 1. Reduced cross section for proton knockout from lpi/2 (upper panel) and IP3/2 (middle 
panel) in ^^O and from 2si/2 in ^°Ca (lower panel). RDWIA calculations (solid line) are compared 
to EMA (short-dashed line) and EMA-noLS (dotted line) results. The corresponding relativistic 
distorted wave momentum distribution is also plotted (thin solid line). Negative (positive) Pm 
values correspond to (pp = 0° (180°) respectively. 
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FIG. 2. Atl asymmetry for proton knockout from lpi/2 (left panel) and lps/2 (middle panel) 

in ^^O and from 25^/2 iii '^^Ca (right panel). RDWIA calculations (solid line) are compared to 
RDWIA-noLS (dashed line), EMA (short-dashed line), EMA-noLS (dotted line) and factorized 
(dash-dotted line) results. The EMA-noLS calculation coincides in all panels with the factorized 
{Aj!'£'^) result. In the right hand panel EMA, as well as EMA-noLS, coincides with the factorized 
(A^l^) result. 
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FIG. 3. Electron analyzing power A at {q,u}) constant kinematics and azimuthal angle 

4>F = 225°. The labeling of the curves is as in Fig. 2. For this observable factorization is only 
achieved in the EMA-noLS curve on the right hand panel. See text for details. 
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as in Fig. 2. Only the EMA-noLS calculation for a Si/2 shell factorizes. 
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